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Abstract
We introduce the notion of trans-Sasakian Finsler manifold, then study semi-invariant submanifold
Fm = (Y ,Y ′, F ) of a trans-Sasakian Finsler manifold F̄ 2n+1 = (Ȳ , Ȳ ′, F̄ ) and we discuss the in-
tegrability conditions of the distrubitions of the semi-invariant submanifolds of the trans-Sasakian
Finsler manifold.
Keywords: Almost contact Finsler metric structure; Distribution; Integrability; Finsler connec-
tion; Gauss formula; Semi-invariant submanifold; Trans-Sasakian Finsler manifold;
v-shape operator; v-second fundamental form
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1. Introduction
Finsler submanifolds have been studied after Finsler manifolds were discussed as generalized met-
ric spaces in Finsler’s doctoral dissertation (Finsler (1951)). Then, Shen (1998) introduced the
notions of mean and normal curvature tensors for submanifolds and found some results without
using any connection in Finsler geometry. Bejancu and Farran (2000) analysed the vertical vector
bundles to study Finsler submanifolds and more generally focused on induced Cartan, Berwald and
Rund connections, curves and surfaces ( also see Bejancu (2000)) as a well-established submani-
fold theory for Finsler spaces. Besides, Bejancu and Farran (2010) discussed Riemannian metrics
on the tangent bundle of Finsler submanifolds.
Oubina (1986) introduced trans-Sasakian manifolds reduced to α-Sasakian and β-Kenmotsu man-
ifolds. Subsequently, trans-Sasakian manifolds are discussed in differential geometric sense by
many mathematicians efficiently (see Gherge (2000)) as well as f-Kenmotsu manifolds (Hui, Ya-
dav and Chaubey (2018)). Bejancu (1986) generalized CR-structures to Sasakian manifolds using
invariant and anti-invariant submanifolds of almost contact-metric manifolds and used the notion
of semi-invariant submanifold. Afterwards, semi-invariant submanifolds of several structures are
studied by many geometers such as nearly trans-Sasakian and nearly Kenmotsu manifolds by Kim,
Lin and Tripathi (2004) and by Ahmad (2009). Additionally, Shahid (1993) got some funda-
mental results on almost semi-invariant submanifolds of trans-Sasakian manifolds and Shahid et
al. (2013) discussed submersion and cohomology class of semi-invariant submanifolds of trans-
Sasakian manifolds.
Sinha and Yadav (1991) introduced almost Sasakian Finsler manifolds and determined the set of
all almost Sasakian Finsler h-connection on almost Sasakian Finsler manifold. In addition, Yaliniz
and Caliskan (2013) examined Sasakian Finsler manifolds on horizontal and vertical vector bun-
dles with curvature and connection properties. In this paper, we structured trans-Sasakian Finsler
manifolds and discussed semi-invariant submanifolds of trans-Sasakian Finsler manifolds. In this
regard, in the second section, a brief introduction of Finsler manifold F̄m+p(Ȳ , Ȳ ′, F̄ ) and its sub-
manifold Fm = (Y ,Y ′ , F ) is given. We use the orthogonal decomposition with respect to Finsler
metric Ḡv on V Ȳ ′,
V Ȳ ′ |Y ′= V Y
′ ⊕ V Y ′⊥, (1)
where Ȳm+p is an (2n + 1)-dimensional Finsler manifold. In the third section, we construct the
trans-Sasakian structure
(
φV , ξV , ηV , GV
)




fourth section, semi-invariant submanifolds of trans-Sasakian Finsler manifolds are discussed. In
the fifth section, integrability conditions of the distributions on semi-invariant submanifolds of
trans-Sasakian Finsler manifolds are obtained.
2. Finsler Submanifolds
Assume that Ym and Ȳm+p are manifolds where f : Y → Ȳ is a C∞-differentiable with the local
coordinates xi = xi(u1, ..., um), 1 ≤ i ≤ m+p. Followingly, the differential map f∗ : TY → T Ȳ
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. Then, f is called an immersion of Y into Ȳ if (f∗)u : TuY → Tf(u)Ȳ is injective
for all u∈ Y . Additionally, if f is an injective immersion, it said to be an imbedding. So, Y is
called an imbedded submanifold of Ȳ . Obviously, each (m+ p)−dimensional submanifold of Ȳ is
called an open submanifold of Ȳ .
Let Ȳ ′ be a non empty open submanifold of T Ȳ such that π(Ȳ ′) = Ȳ and θ(Ȳ) ∩ Ȳ ′ = ∅, where
θ is the zero section of T Ȳ . Suppose that Ȳ ′x = TxȲ ∩ Ȳ ′ is a positive conic set, i.e. for any k > 0
and y ∈ Ȳ ′x, then we have ky ∈ Y ′x.
Now, consider an (m + p)-dimensional Finsler manifold F̄m+p = (Ȳ , Ȳ ′, F̄ ) and m-dimensional
submanifold Y of Ȳ . Suppose Y ′u = (f∗)
−1 (Ȳ ′f(u)) is nonempty for any u ∈ Y . Then Y ′u is a
positive conic set in TuY , since Ȳ ′f(u) is so in Tf(u)Ȳ . Moreover Y ′ = (f∗)−1 (Ȳ ′) is an open
submanifold of TY such that π(Y ′) = Y and θ(Y) ∩ Y ′ = ∅, where π and θ are the canonical
projection of TY on Y and the zero section of TY , respectively. Also F̄ induces on Y ′ the function






= gij(x(u), y(u, v))A
ij
αβ. (2)
On condition that F̄m+p is a Finsler manifold, then gαβ define a positive definite quadratic form on
each U ′ ⊂ Y ′. So, Fm is a Finsler submanifold of F̄m+p.
Assume that Fm = (Y ,Y ′, F ) is the Finsler submanifold of the Finsler manifold F̄m+p =




of Ȳ ′ and {U, uα, vα} of Y ′, with the coordinate neigh-














on Y ′ and














the vertical vector bundle V Y ′ is obtained as a vector subbundle of V Ȳ ′ |Y ′ . So, the Riemannian
metric ḠV on V Y ′ induces a Riemannian metric GV on V Y ′. Actually, the Finsler metric of Fm








. Additionally, V Y ′⊥ denotes Finsler normal bundle of the Finsler sub-
manifold Fm in ¯Fm+p where it is the ortogonal complement of the vector bundle V Y ′ in V Ȳ ′ |Y ′
with respect to ḠV . So, we get the ortogonal decomposition (1). (For further information please
see Bejancu and Farran (2000).)
3. Trans-Sasakian Finsler manifolds
Definition 3.1.
Consider the tensor field φ, the 1-form η and the vector field ξ on Ȳ ′, by the decompositions:
φ = φH + φV = φij(x, y)
δ
δxi




η = ηH + ηV = ηi(x, y)dx
i + η̃i(x, y)δy
i,
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If the following relations hold,
(φH)2 = −IH + ηH ⊗ ξH , (φV )2 = −IV + ηV ⊗ ξV ,
ηH(ξH) = ηV (ξV ) = 1,
φH(ξH) = φV (ξV ) = 0, ηH ◦ φH = ηV ◦ φV = 0,
then (φH , ξH , ηH) and (φV , ξV , ηV ) are called an almost contact Finsler structure on (Ȳ ′)h and
(Ȳ ′)v, respectively, where Ȳ ′ = (Ȳ ′)h ⊕ (Ȳ ′)v is a Finsler vector bundle (?).
Let Fm+p = (Ȳ , Ȳ ′, F̄ ) be a Finsler manifold. We define the metric structure
gF̄ : Γ(HȲ ′)× Γ(HȲ ′)→ =(Ȳ ′),
gF̄ (v, w)(x, y) = gF̄ij(x, y)v
i(x, y)wj(x, y),
where










Hence, g is said to be a Finsler metric of Fm+p. Similarly, it possible to think that gF̄ is a Rieman-
nian metric on the Finsler vector bundle (HȲ ′). We define
G : Γ(T Ȳ ′)× Γ(T Ȳ ′)→ =(Ȳ ′),
G(X, Y ) = GH(X, Y ) +GV (X, Y ),∀X, Y ∈ Γ(T Ȳ ′).
Thus, the symmetric tensor field G on Ȳ ′ is said to be the Sasaki Finsler metric on Ȳ ′. Then we
state
G = gF̄ijdx
i ⊗ dxi + gF̄ijδyi ⊗ δyj = GH +GV .
Definition 3.2.
Suppose that (φH , ξH , ηH) and (φV , ξV , ηV ) are almost contact structures on horizontal and vertical
vector bundles (Ȳ ′)h and (Ȳ ′)v. If the metric structuresGH andGV satisfy the following equations;
G(φX, φY ) = GH(φX, φY ) +GV (φX, φY ), (3)
GH(φXH , φY H) = GH(XH , Y H)− ηH(XH)ηH(Y H),
GV (φXV , φY V ) = GV (XV , Y V )− ηV (XV )ηV (Y V ), (4)
ηH(XH) = GH(XH , ξH), ηV (XV ) = GV (XV , ξV ), (5)
then, (φH , ξH , ηH , GH) is called almost contact metric Finsler structure on (Ȳ ′)h and also
(φV , ξV , ηV , GV ) is called almost contact metric Finsler structure on (Ȳ ′)v.
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Let (φH , ξH , ηH , GH) and (φV , ξV , ηV , GV ) are the almost contact metric Finsler structures on
(Ȳ ′)h and (Ȳ ′)v, respectively. Then from (3), (4) and (5), we get
GH(φXH , Y H) = −G(XH , φY H), GV (φXV , Y V ) = −GV (XV , φY V ),
GH(φXH , Y H) = −GH(φ2XH , Y H), GV (φXV , Y V ) = −GV (φ2XV , Y V ).
Now, we define the fundamental 2-form:
Ω(XH , Y H) = GH(XH , φY H), Ω(XV , Y V ) = GV (XV , φY V ),
where the following relation holds:
Ω(φXH , φXH) = Ω(XH , Y H), Ω(φXV , φXV ) = Ω(XV , Y V ),
Ω(XH , Y H) = −Ω(Y H , XH), Ω(XV , Y V ) = −Ω(Y V , XV ).
Definition 3.3.
Assume that, for the almost contact Finsler structures on horizontal and vertical Finsler vector
bundles (Ȳ ′)h and (Ȳ ′)v, we have the following relations:
Ω(X, Y ) = dη(X, Y ),
Ω(XH , Y H) = (∇HXη)(Y )H − (∇HY η)(X)H + η(T (XH , Y H)),
Ω(XV , Y V ) = (∇VXη)(Y )V − (∇VY η)(X)V + η(T (XV , Y V )),
where ∇̄ is a Finsler connection on Ȳ ′ and Ω is the fundamental 2-form. Then, the structures are
called almost Sasakian Finsler structures. Suppose that the almost Sasakian Finsler connection ∇̄
on Ȳ ′ is torsion free. Hence, the below relations are satisfied:
Ω(XH , Y H) = (∇HXη)Y H − (∇HY η)XH ,
Ω(XV , Y V ) = (∇VXη)Y V − (∇VY η)XV .
Definition 3.4.
Almost Sasakian Finsler structures
(
φH , ηH , ξH , GH
)
on (Ȳ ′)h and
(
φV , ηV , ξV , GV
)
on (Ȳ ′)v are
called Sasakian Finsler structures if the following relations hold:
(∇HXη)Y H + (∇HY η)XH = 0, (∇VXη)Y V + (∇VY η)XV = 0,
where Sasakian Finsler connection ∇̄ on Ȳ ′ is torsion free.
Definition 3.5.
Let Ȳ be an (2n + 1)-dimensional Finsler manifold. Then, the almost contact metric structure(
φV , ηV , ξV , GV
)




















for the functions α and β on Ȳ ′x, and the Finsler connection ∇̄ with respect to GV . From Formula
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4. Semi-Invariant Submanifolds of trans-Sasakian Finsler Manifolds
Definition 4.1.
Let Y ′u be an m-dimensional Finsler submanifold of a trans-Sasakian Finsler manifold Y ′x. Then,
Y ′u is said to be a semi-invariant submanifold if following relations hold:





(ii) The distribution D is invariant under φ, i.e.,φDv = Dv,∀v ∈ Y ′u,




⊂ (VvY ′)⊥ , (8)
for all v ∈ Y ′u, ξV ∈ V Y ′u where (D,D⊥) are orthogonal distributions on Y ′u and also VvY ′u and
VvY ′u
⊥ are the tangent space and the normal space of Y ′u at v.
The distributions D and D⊥ are called the horizontal and vertical distributions, respectively. A
semi-invariant Finsler submanifold Y ′u is called an invariant and anti-invariant submanifold if
D⊥v = {0} and Dv = {0} for each v ∈ Y ′u, respectively. Besides, Y ′u is said proper if D and
D⊥ are not null spaces. In addition, each hypersurface of Y ′u which is tangent to ξV has a semi-
invariant Finsler structure on a submanifold of Y ′u.
The tensor field G of type (0, 2) of (Ȳ ′)v is an induced metric on (Y ′)v. Then, the induced
Finsler connection on Fm = (Y ,Y ′, F ) is denoted by ∇, where ∇̄ is a Finsler connection on
F̄ 2n+1 = (Ȳ , Ȳ ′, F̄ ). Besides, the second fundamental form of Fm is an =(Y ′)-bilinear mapping
on Γ(V Y ′)× Γ(V Y ′) and denoted by B.
By taking h(XV , Y V ) = B(XV , Y V ), we have the following =(Y ′)-bilinear mapping:
hV : Γ(V Y ′)× Γ(V Y ′)→ Γ(V Y ′)⊥,
where X, Y ∈ Γ(TY ′) and hV is a v-second fundamental form of Fm = (Y ,Y ′, F ). In the light of
Gauss formula we get the below relation:
∇̄VXY V = ∇VXY V + hV (XV , Y V ), (9)
for any XV , Y V ∈ Γ(V Y ′).
So, we have
∇̄XN = −ANX +∇⊥XN, (10)
for any N ∈ ΓV Y ′⊥, X ∈ Γ(TY ′) where ANX ∈ Γ(V Y ′) and ∇⊥XN ∈ Γ(V Y ′) ⊥ .




where NV ∈ Γ(V Y ′⊥).
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Thus, from the Weingarten formula we deduce the following equations:
∇̄XVNV = −AVNXV +∇⊥XVNV , (12)
G(hV (XV , Y V ), NV ) = G(AVNX
V , Y V ), (13)





where XV ∈ Γ(V Y ′), NV ∈ Γ(V Y ′⊥), and PXV ∈ D and QXV ∈ D⊥.
Lemma 4.2.
Let Y ′u be a semi-invariant submanifold of a trans-Sasakian Finsler manifold Y ′x. Then
P∇VXφPY V − PAVφQY VXV = φP∇VXY V −
α
2
ηV (Y V )PXV − β
2
ηV (Y V )φPXV ,
Q∇VXφPY V −QAVφQY VXV = fhV (XV , Y V )−
α
2
ηV (Y V )QXV ,









G(φXV , Y V ),
∇⊥XV (φQY V ) + hV (XV , φPY V ) = φQ∇VXY V + qhV (XV , Y V )−
β
2
ηV (Y V )φQXV , (15)
for any vector field XV , Y V ∈ VvY ′.
Proof:
In the view of the relations (9), (10), (13) and (14), we obtain(
∇̄VXφ
)
Y V = P∇VX(φPY V ) +Q∇VX(φPY V ) + ηV (∇VX(φPY V ))ξV + h(XV , φPY V )
− PAVφQYXV −QAVφQYXV − η(AVφQYXV )ξV +∇⊥XV (φQY V )
− φP∇VXY V − φQ∇VXY V − fh(XV , Y V )− qh(XV , Y V ),
(16)
for all XV , Y V ∈ VvY ′, where ∇VX(φPY )V ∈ VvY ′, AVφQYX ∈ VvY ′, φ∇XV Y V ∈ VvY ′, and
N ∈ (VvY ′)⊥ .







ηV (Y V )PXV +
β
2




ηV (Y V )QXV
− β
2










G(XV , Y V )ξV +
β
2
G(φXV , Y V )ξV .
(17)
From (16) and (17), we get the tangential and normal parts in the following way:
P∇VX(φPY V )− PAVφQYXV = φP∇VXY V −
α
2
ηV (Y V )PXV − β
2
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Q∇VX(φPY V )−QAVφQYXV = fh(XV , Y V )−
α
2














ηV (XV )ηV (Y V )+
α
2
G(XV , Y V )+
β
2
G(φXV , Y V ),
then, we have (15). 
Lemma 4.3.











Y V , hV (Y V , ξV ) = −α
2
φY V . (19)
Proof:
From (7) and (9), we have







XV − ηV (XV )ξV
)
= ∇VXξV + h(XV , ξV ).











XV and hV (XV , ξV ) = 0 for XV ∈ D.
From (7), if we put ηV (Y V ) = 0 we get






Y V = ∇VY ξV + hV (Y V , ξV ) for Y V ∈ D⊥.
Thus we get the tangential and normal parts in (18) and (19). 
5. Integrability of Distributions of Semi-Invariant Submanifolds of
trans-Sasakian Finsler Manifolds
Theorem 5.1.
Let Y ′u be a semi-invariant submanifold of a trans-Sasakian Finsler manifold Y ′x. So, the distribu-
tion D is not integrable.
Proof:
Assume that the distrubution D is integrable. Hence,
[
XV , Y V
]
∈ D for all XV , Y V ∈ D. From
Lemma 4.2, we get
∇⊥XV (φQY )V + hV (XV , φPY V ) = φQ∇VXY V + qhV (XV , Y V )−
β
2
ηV (Y V )φQXV .
8
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Since PY V = Y V and QY V = 0, we have
hV (XV , φY V ) = φQ∇VXY V + qhV (XV , Y V ),
and
hV (Y V , φXV ) = φQ∇VYXV + qhV (Y V , XV ).
Thus,
hV (XV , φY V )− hV (Y V , φXV ) = φQ
[





XV , Y V
]
∈ D, we get Q
[
XV , Y V
]
= 0. From this we have
hV (XV , φY V ) = hV (Y V , φXV ).
On the other hand,
G(
[
XV , Y V
]
, ξV ) = G(XV ,∇VY ξV )−G(Y V ,∇VY ξV ).
From (17) we have
α
2
G(Y V , φXV ) +
α
2
G(φXV , Y V ) = 0,
or
αG(Y V , φXV ) = 0.
Since G(φXV , Y V ) 6= 0, we obtain α = 0. But it is a contradiction. That is, the distrubution D is
not integrable. 
Corollary 5.2.
Let Y ′u be a semi-invariant submanifold of a trans-Sasakian Finsler manifold Y ′x. Then, the distri-
bution D ⊕D⊥ is not integrable.
Corollary 5.3.





is integrable if and only if
hV (XV , φY V ) = hV (φXV , Y V ). (20)
Lemma 5.4.









For XV ∈ D and Y V ∈ D⊥, we get
9
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, Y V ) = G(∇XV ξV , Y V )−G(∇ξVXV , Y V ).





, Y V ) = −G(∇̄Vξ XV , Y V ).





, Y V ) = −G(XV , (∇̄Vξ (φY V ))).





, Y V ) = G(XV , AVφY ξ
V )−G(XV ,∇⊥ξV φY V ),





, Y V ) = G(hV (ξV , XV ), φY V ) = 0.





, Y V ) = 0.










Let Y ′u be a semi-invariant submanifold of a trans-Sasakian Finsler manifold Y ′x. Then the distri-
bution D⊥ is integrable.
Proof:
By using (9) and (12), we get
G(AVφXY
V , ZV ) = G(∇̄VZY V , φXV )−G(∇VZY V , φXV ),
for XV ,Y V ∈ D⊥ and ZV ∈ VvY ′. (Due to φXV , φY V ∈ (VvY ′⊥)). Since G(∇VZY V , φXV ) = 0,
we have
G(AVφXY
V , ZV ) = −G(φ∇̄VZY V , XV )
= G((∇̄VZφ)Y V , XV )−G(∇VZ (φY V ), XV ).
From (6) we have G((∇̄VZφY V ), XV ) = 0. Thus,
G(AVφXY
V , ZV ) = −G(∇̄VZ (φY V ), XV ).
Because of φY V ∈ (VvY ′⊥), we get
G(AVφXY
V , ZV ) = G(AVφYZ
V , XV )−G(∇V⊥Z (φY V ), XV ).
Since∇⊥Z(φY V ) ∈ (VvY ′⊥) and XV ∈ VvY ′, we get G(AVφXY V , ZV ) = G(AVφYXV , ZV ). That is,
AVφYX
V = AVφXY
V for ZV ∈ VvY ′.
On the other hand, from (6) following relations hold:
10
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∇̄V X(φY V ) =
α
2
G(XV , Y V )ξV + φ∇VXY V + φhV (XV , Y V ), (21)
φ∇VXY V = φP∇VXY V + φQ∇VXY V . (22)
Due to hV (XV , Y V ) ∈ (V Y ′⊥u ), and via the distributions in (14), we have
φhV (XV , Y V ) = fhV (XV , Y V ) + qhV (XV , Y V ). (23)
Using (22) and (23) in (21), we get the following relation:
∇̄VX(φY V ) =
α
2
G(XV , Y V )ξV + φP∇VXY V + φQ∇VXY V + fhV (XV , Y V ) + qhV (XV , Y V ).
Moreover, because of φY V ∈ (VvY ′⊥) and by the use of the relation (10), we have the below
relation:
−AVφYXV +∇V⊥X (φY V ) =
α
2
G(XV , Y V )ξV + φP∇VXY V
+φQ∇VXY V + fhV (XV , Y V ) + qhV (XV , Y V ). (24)




G(XV , Y V )ξV + φP∇VXY V + fhV (XV , Y V ),
∇V⊥X (φY V ) = φQ∇VXY + qhV (XV , Y V ).
Thus, we get
AVφXY
V − AVφYXV = φP
[





V , we have φP
[
XV , Y V
]
= 0, which means P
[
XV , Y V
]
= 0, and[













XV . Thus, we have the below relation:
G(
[





(G(XV , Y V )−G(Y V , XV )) = 0.
So, for all XV , Y V ∈ D⊥, we get [X, Y ] ∈ D⊥. 
6. Conclusion
The trans-Sasakian Finsler metric structure
(
φV , ηV , ξV , GV
)
of type (α, β) is described by the
relations (6) and (7) on Ȳ ′x.
The semi-invariant submanifold Y ′u of the trans-Sasakian Finsler manifold Y ′x is defined by the
relation (8). So, Gauss and Weingarten formulas and v-shape operator are given by the relations
(8), (9), (10), (11), (12), (13), (14) of these structures and their tangential and normal parts are
clarified and classified by Lemma 4.2 and Lemma 4.3.
11
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For the tangent bundle V Y ′u of an m-dimensional semi-invariant submanifold Y ′u of a trans-





v ∈ (Y ′)v, ξV ∈ VvY ′. Furthermore, the integrability properties of these distrubitions are as




are integrable. The horizon-





integrable if and only if (20) holds.
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